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We develop a systematic theory of microwave-induced oscillations in magnetoresistivity of a 2D
electron gas in the vicinity of fractional harmonics of the cyclotron resonance, observed in recent
experiments. We show that in the limit of well-separated Landau levels the effect is dominated
by a change of the distribution function induced by multiphoton processes. At moderate magnetic
field, a single-photon mechanism originating from the microwave-induced sidebands in the density
of states of disorder-broadened Landau levels becomes important.
PACS numbers: 73.50.Pz, 73.43.Qt, 73.50.Fq, 78.67.-n
Recently, a number of remarkable nonequilibrium phe-
nomena have been discovered in a 2D electron gas
(2DEG) under strong ac and dc excitation. Most atten-
tion has been attracted to the microwave-induced resis-
tivity oscillations (MIRO) [1], particularly following the
spectacular observation of “zero-resistance states”(ZRS)
in the minima of the oscillations [2, 3]. Two mechanisms
of the MIRO were proposed (“displacement” [4, 5, 6]
and “inelastic” [7, 8]), in both of which the MIRO
originate from the oscillatory density of states (DOS)
ν(ε) of disorder-broadened Landau levels (LLs). Both
mechanisms reproduce the observed phase of the ω/ωc–
oscillations (ω and ωc = eB/mc are the microwave and
cyclotron frequencies, respectively). The displacement
mechanism [4, 5, 6] accounts for microwave-assisted scat-
tering off disorder in the presence of dc electric field and
produces temperature-independent MIRO, in disagree-
ment with the experiments. By contrast, the inelastic
mechanism [7, 8] is related to the microwave-induced os-
cillatory changes in the energy distribution of electrons
and yields the MIRO with an amplitude proportional
to the inelastic scattering time τin ∝ T−2. At relevant
T ∼ 1 K, the inelastic mechanism dominates and the cor-
responding theory [8] reproduces the experimental find-
ings [1, 2, 3].
Remarkably, in addition to the peak-valley structure
near integer ω/ωc (“integer MIRO”, or IMIRO), later ex-
periments at elevated microwave power [9, 10] reported
similar features near certain fractional values, ω/ωc =
1/2, 3/2, 5/2, 2/3 (“fractional MIRO”, or FMIRO), as
well as “fractional” ZRS [9] (less pronounced FMIRO
features were also observed earlier [11]). It was pro-
posed that the FMIRO can be explained in terms of a
multiphoton displacement mechanism [12] or, within the
framework of the inelastic mechanism [7, 8], in terms of
a series of multiple single-photon transitions [10, 13].
In this Letter, we develop a systematic theory of the
fractional MIRO. We demonstrate that in the limit of
well-separated LLs the FMIRO are dominated by the
multiphoton inelastic mechanism, while at weaker mag-
netic field a microwave-induced spectral reconstruction
(MISR) provides a competing single-photon contribu-
tion. Both these mechanisms were disregarded previ-
ously. Similarly to the IMIRO, in the fractional case the
multiphoton displacement mechanism [12] only gives a
parametrically smaller contribution. As far as the mech-
anism [10, 13] is concerned, it is effective only close to
the magnetic field at which LLs start to overlap.
Formalism. We consider a 2DEG in a classically strong
B in the presence of a weak dc field, Edc = (Ex, Ey), and
a microwave field
Eω(t) =
Eω√
2
Re
[(
s− + s+
is− − is+
)
e−iωt
]
, (1)
where s± with s
2
+ + s
2
− = 1 parametrize polarization of
the microwaves. The main parameters in the problem
are related to each other as follows:
εF ≫ T , ω , ωc , τ−1q ≫ τ−1tr , τ−1in ,
where τq and τtr are the total and transport disorder-
induced scattering times at B = 0, and εF is the Fermi
energy. We adopt the approach [6, 7, 8, 14] to the prob-
lem, based on the quantum Boltzmann equation (QBE)
for the semiclassical distribution function at higher LLs,
f(ε, ϕ, t) =
∑
Fnm(ε) exp(inϕ+ imωt),
(∂t + ωc∂ϕ)f + τ
−1
in (F00 − fT ) = St{f} , (2)
where ϕ is the angle of the kinematic momentum and
fT (ε) is the Fermi-Dirac distribution. The QBE allows
us to treat the interplay of the disorder, the Landau quan-
tization, and the external fields, which are all included
into the impurity collision integral St{f}.
Our aim is to calculate the dissipative dc current,
j = (jx, jy), which is expressed through the first angu-
lar harmonic F10 as j− ≡ jx− ijy = 2evF
∫
dεν(ε)F10(ε),
where vF is the Fermi velocity. Provided τin ≫ τq, the
leading contribution to the MIRO comes frommicrowave-
induced changes in the isotropic part F00 of the dis-
tribution, governed by the equation F00(ε) − fT (ε) =
τin〈St{F00(ε)}〉t,ϕ. Here the angular brackets denote av-
eraging over both the angle ϕ and the period of the mi-
crowave field. The first angular harmonic F10, which
2defines the current, is in turn expressed as iωcF10(ε) =
〈exp(−iϕ)St{F00(ε)}〉t,ϕ. As we show below, the above
procedure captures both inelastic and displacement con-
tributions to the MIRO [15], yielding
j−
2σD
=
∫
dΩ
∫
dεKtr(Ω)ν˜(ε)ν˜(ε−Ω)[F00(ε−Ω)−F00(ε)],
(3)
F00(ε)−fT (ε)
τin
=
∫
dΩ
2pi
K00(Ω)ν˜(ε−Ω)[F00(ε−Ω)−F00(ε)].
(4)
Here σD = e2v2F ν0/2ω
2
cτtr is the Drude conductiv-
ity, ν0 = m/2pi, and ν˜(ε) = ν(ε)/ν0 is the dimen-
sionless DOS. The operators K00(Ω) and Ktr(Ω) =
K10(Ω)ωcτtr/ipievF can be found to any desired order
in the fields Edc and Eω from the Wigner transform
K(Ω, t, φ) of the kernel of the collision integral St{f}
[6, 14], Knm(Ω) = 〈e−inϕ−imωtK(Ω, t, ϕ)〉t,ϕ. To find
the leading contributions to the FMIRO at half-integer
ω/ωc, we calculate Knm to first order in Edc and fourth
order in Eω, which gives{
K00(Ω)
Ktr(Ω)
}
=
2∑
n=−2
δ(Ω− nω)
{
2piAn/τq
Bn∂Ω
}
. (5)
Using the notation E± = Ex ± iEy and
E± = s± (2τq/τtr)1/2 eEωvF /ω(ωc ± ω) , (6)
and introducing the dimensionless microwave power,
Pω = (E2++E2−)/2, we express the coefficients An=A−n∼
O(Pnω ) and Bn=B−n∼O(EdcPnω ) as
A1 = Pω/4− 4A2,
A2 = 3P
2
ω/32 + 3E2+E2−/64,
B0 = E− − 2B1 − 2B2,
B1 = 3PωE−/2 + 3E+E−E+/4− 4B2,
B2 = 45(2P
2
ωE− + E2+E2−E− + 2PωE+E−E+)/64. (7)
Integer MIRO. Before proceeding to the mechanisms
of the FMIRO, it is instructive to show how the results
[6, 8] for the displacement and inelastic contributions to
the IMIRO at leading order Pω are reproduced within
the present formalism. To this end, we put A2 = B2 = 0
and calculate F00 to first order in A1 = Pω/4, which,
according to Eqs. (4)-(7), gives
F00−fT = τin
τq
A1
∑
Ω=±ω
ν˜(ε− Ω)[fT (ε− Ω)− fT (ε)]. (8)
The result for the current (3) at order Pω has the form
j−
2σD
=B0〈ν˜2(ε)〉ε+B1F1(ω)+ τin
τq
E−A1F2(ω), (9)
where the functions F1(Ω) and F2(Ω), defined as
F1(Ω) = 2 ∂ΩΩ 〈 ν˜(ε) ν˜(ε+Ω) 〉ε , (10)
F2(Ω) = Ω ∂Ω 〈ν˜2(ε) [ ν˜(ε+Ω) + ν˜(ε− Ω) ] 〉ε , (11)
oscillate with Ω/ωc. Here we assumed that the
Shubnikov–de Haas oscillations are exponentially sup-
pressed by temperature, 2pi2T ≫ ωc, so that the energy
integration in Eq. (3) is effectively replaced by the aver-
age 〈. . .〉ε over the period ωc of the DOS.
In Eq. (9), the first term describes the dark current
together with a non-oscillatory (displacement) correc-
tion induced by microwaves, while the second and third
terms are the displacement [6] and inelastic [8] contri-
butions to the IMIRO, which oscillate with ω/ωc. In
the limit of separated LLs, ωcτq ≫ 1, the DOS is a se-
quence of semicircles of width 2Γ = 2(2ωc/piτq)
1/2, i.e.,
ν˜(ε) = τqRe
√
Γ2 − (δε)2, where δε is the detuning from
the center of the nearest LL. In this limit, calculation of
F1(Ω) and F2(Ω) from Eqs. (10) and (11) yields
F1(Ω)
2〈ν˜2(ε)〉ε =
∑
n
H1(|Ω˜n|) + Ω
Γ
sgn(Ω˜n)H2(|Ω˜n|) , (12)
F2(Ω)
〈ν˜2(ε)〉ε = −
4Ωωc
Γ2
∑
n
sgn(Ω˜n)Φ2(|Ω˜n|) . (13)
Here Ω˜n = (Ω− nωc)/Γ and 〈ν˜2(ε)〉ε = 16ωc/3pi2Γ. The
parameterless functions [16]H1(x), H2(x), and Φ2(x) are
nonzero at 0<x<2 (see Fig. 1),
H1(x) = (2 + x) [ (4 + x2)E(X)− 4xK(X) ]/8 , (14)
H2(x) = 3x [ (2 + x)E(X)− 4K(X) ]/8 , (15)
4piΦ2(x) = 3x arccos(x− 1)− x(1 + x)
√
x(2− x) , (16)
where X ≡ (2− x)2/(2+ x)2 and the functions E and K
are the complete elliptic integrals of the first and second
kind, respectively.
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FIG. 1: Functions sgn(−x)Φ2(|x|) and Φ3(|x|) (solid lines),
H1(|x|) and sgn(x)H2(|x|) (dashed lines).
Two-photon FMIRO. At order E2ω, microwaves do not
produce any oscillatory structure near the fractional val-
ues of ω/ωc = 1/2, 3/2, . . . [see Eq. (9]. Moreover, in the
limit Γ ≪ ωc, the oscillatory terms (9) are finite only
in the narrow intervals (ω − Nωc) < 4Γ around integer
ω/ωc = N . Solution to Eqs. (4), (3) at order E
4
ω in the
regions where ν(ε)ν(ε+ ω) = 0 gives
j
(2φ)
−
2σD
=B0〈ν˜2(ε)〉ε+B2F1(2ω)+ τin
τq
E−A2F2(2ω). (17)
3Here A2 ∝ P 2ω and B2 ∝ EdcP 2ω are given by Eq. (7).
The doubling of the arguments of the functions F1 and
F2 in Eq. (17) [as compared to the IMIRO case, Eq. (9)]
reflects the two-photon nature of the effect and leads to
the emergence of the FMIRO at half-integer ω/ωc. The
form of the inelastic [the last term in Eq. (17)] contri-
bution to the FMIRO is identical to that in the IMIRO
case, Eq. (9), and the same holds for the displacement
contribution (the second term). In both the integer and
fractional cases the inelastic term is a factor ωcτin/τqΓ
larger than the displacement contribution.
With increasing microwave power, the current in the
minima becomes negative, j · Edc < 0, indicating a tran-
sition to the ZRS [17]. Remarkably, like in the IMIRO
case [8], the leading-order approximation for the inelas-
tic effect, Eq. (17), is sufficient to describe the photore-
sponce even at such high power, since the second-order
term ∝ (P 2ωτin/τq)2 remains small in the parameter Γ/ωc.
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FIG. 2: Illustration of possible contributions to the FMIRO
for ω/ωc = 1/2+Γ/2 and ωc/Γ = 7. Single-photon transitions
within and between LLs (thick lines) are forbidden, while two-
photon processes are allowed. The microwave-induced side-
bands (22) (solid lines) and (23) (dashed lines) make single-
photon processes possible [18].
Microwave-induced spectral reconstruction (MISR).
Above, it was assumed that the spectrum of the 2DEG
is not modified by the microwaves. It turns out that,
unlike the IMIRO, in the FMIRO case the MISR is
relevant, since it provides additional channels for elec-
tron transport in the gaps for single-photon absorption.
The microwave field enters the equations for the spec-
trum of the 2DEG at high LLs [6] in the combina-
tion [
∑
± E± cos(ϕ ± ωt)]2, suggesting a representation
of the retarded Green function and self-energy in the
form {Gnˆ,Σ}(ε, ϕˆ, t) =
∑
µ,ν e
2iµωt+2iνϕˆ{Gnˆµν ,Σµν}(ε),
where the operators nˆ and ϕˆ obey [nˆ, ϕˆ] = −i. Wigner-
transforming Eqs. (2.7), (2.15) of Ref. 14 yields
[ε− µω − (2ν + n+ 1/2)ωc]Gnµν(ε) = δµ,0δν,0/2pi
+
∑
µ′,ν′
Σµ′ν′(ε+ µ
′ω − µω)Gn,µ−µ′,ν−ν′(ε+ µ′ω), (18)
ωc
τq
∑
n
Gnµν(ε) = Σµν(ε) +
∑
µ′,ν′
pµ−µ′,ν−ν′
×[2Σµ′ν′(ε)− Σµ′ν′(ε+ ω)− Σµ′ν′(ε− ω)], (19)
where we used nˆe2iνϕˆ = e2iνϕˆ(nˆ + 2ν). The coefficients
pµν = p−µ,−ν have nonzero values for {µ, ν} = {−1, 0, 1}:
p00 = Pω/4, p10 = p01 = E+E−/8, p11 = E2+, p1−1 = E2−.
Solution to Eqs. (18), (19) of order E2ω for gµν(ε) ≡
−2ωc
∑
n ImG
(1)
nµν(ε), which enters Eq. (21) for F00, is ex-
pressed through the zero-order self-energy s(ε) ≡ Σ(0)00 (ε)
and 2piG
(0)
n (ε) = [εn − s(ε)]−1:
g(1)µν (ε) = −2pµνIm
s(ε+ ω) + s(ε− ω)− 2s(ε)
Π−1µν − τ−1q
, (20)
where Πµν(ε) = 2piωc
∑
nG
(0)
n+2ν(ε−µω)G(0)n (ε+µω) and
εn ≡ ε−nωc−ωc/2. In the limit ωcτq ≫ 1, the self-energy
s(ε) = 12
∑
n εn − Re
√
ε2n − Γ2 − iRe
√
Γ2 − ε2n.
Sideband mechanism of the FMIRO. The MISR,
Eq. (20), gives rise to additional, single-photon contribu-
tions to the FMIRO near half-integer ω/ωc (see Fig. 2).
Restricting the following analysis to the inelastic effects,
we rewrite Eq. (4) in a generalized form:
F00(ε)− fT (ε) = τin
∑
µν
∫
dΩ
2pi
K−2µ,−2ν(Ω)
× gµν(ε− Ω)[F00(ε− Ω+ µω)− F00(ε)], (21)
which takes the form of Eq. (4) in the case of a t and
ϕ independent spectrum; in particular, for the unper-
turbed DOS, ν˜(ε) = g
(0)
00 = −2τq Im s(ε). At order E2ω,
τqK2µ,2ν(Ω) = 2pipµν [δ(Ω + ω) + δ(Ω− ω)− 2δ(Ω)].
According to Eq. (20), g
(1)
µν have nonzero values at
energies inside the unperturbed LLs (|δε| < Γ), where
ν˜(ε) 6= 0, and also at ε corresponding to ν˜(ε ± ω) 6= 0
(“microwave-induced sidebands”). Provided ω = (N +
1/2)ωc + O(Γ), the sidebands appear at |δε| = ωc/2 +
O(Γ), where Eq. (20) gives, to leading order in Γ/ωc
[18, 19]:
ν˜(sb)(ε) = g
(1)
00 =
pip00
2ωcτq
[ν˜(ε+ ω) + ν˜(ε− ω)] , (22)
g
(1)
µ=±1,ν(ε)=
τqpµν
µω + νωc
Im[s2(ε+ω)−s2(ε−ω)]. (23)
In the presence of the sidebands, single-photon tran-
sitions become possible (Fig. 2), ν˜(ε)g
(1)
µν (ε ± ω) 6= 0. A
correction to F00, induced by the sidebands in the DOS
(22), is given by Eq. (8) with ν˜ substituted by ν˜(sb). Cal-
culation of the current (3) with the resulting F00, the
unperturbed DOS, and with Ktr = δ(Ω)E− ∂Ω yields
the “sideband” contribution to the FMIRO:
j
(sb)
− /2σ
D = piE−τinP
2
ωF2(2ω)/64ωcτ2q , (24)
which is of the same form but a factor ∼ ωcτq smaller
than the leading two-photon inelastic contribution (17).
For the “oscillatory sidebands” (23), we use Eq. (21)
to obtain F00, which yields the current
j
(osb)
−
2σD
=
τin
16τq
E−
[
4E2+E2− +
∑
±
ωE4±
ω ± ωc
]
F3(2ω). (25)
4Here F3(Ω) is an even function of Ω˜n = (Ω− nωc)/Γ:
F3(Ω)=
∑
±
〈 [ν˜2(ε)− ν˜2(ε± Ω)] ∂ε [ν˜(ε)Re s(ε)] 〉ε
=
2ωc
3Γ
〈ν˜2(ε)〉ε
[
1 +
∑
n
Φ3(|Ω˜n|) θ(2 − |Ω˜n|)
]
. (26)
The parameterless function Φ3(x) (Fig. 1) reads
−piΦ3(x)=
√
x(2 − x)
[
1−5x+2x21 + x
3
]
+arccos(x−1).
The contribution of the oscillatory sidebands (25) is a
factor ∼ (ωcτq)1/2 larger than the contribution (24).
In contrast to the contributions (17) and (24), it is an
even and strongly non-monotonic function of the detun-
ing from the resonance (see Fig. 1). Both these circum-
stances favor the possibility of observing experimentally
the changes in the shape of the FMIRO that should be
induced by the contribution (25) at not too large ωcτq.
Summary and disscussion. We have shown that in
the limit of separated LLs, ωcτq ≫ 1, the fractional fea-
tures in the photoresponse of a 2DEG are dominated by
the multiphoton inelastic mechanism [the last term in
Eq. (17)], while the displacement multiphoton contribu-
tion [the second term in Eq. (17)], considered in Ref. 12,
is negligible provided ωcτin/τqΓ ≫ 1. The main correc-
tions (24), (25) to the multiphoton inelastic effect orig-
inate from the microwave-induced sidebands (22), (23)
in the spectrum of a 2DEG (see Fig. 2). In the limit
ωcτq ≫ 1, the sideband contributions are small in the
parameter Γ/ωc and only slightly modify the shape and
the amplitude of the FMIRO, which are dominated by the
multiphoton inelastic mechanism. However, at ωcτq ∼ 1
all three inelastic contributions (17), (24), and (25) be-
come comparable in magnitude.
At ωc < 4Γ, single-photon processes both within and
between LLs become allowed. Here, the FMIRO are dom-
inated by the resonant series of multiple single-photon
transitions [10, 13] in the framework of the single-photon
inelastic mechanism [8]. Albeit this effect only exists
in the crossover region ωc ∼ Γ, it appears at order
(τinPω/τq)
2 and is thus detectable at smaller Pω than the
above contributions. Finally, in the regime of overlapping
LLs, ωcτq ≪ 1, the FMIRO become exponentially weaker
than the IMIRO: while the B-damping of the IMIRO is
described by the factor δ2 = exp(−2pi/ωcτq)≪ 1 [8], the
FMIRO appear at order δ4 [13, 14].
To conclude, there are competing mechanisms of the
fractional oscillations, each of which is effective in a dif-
ferent region of magnetic field. The experimental obser-
vations [10] should be attributed to the single-photon in-
elastic mechanism [13, 14] since the FMIRO in Ref. [10]
were only observed for microwave frequencies below a
certain threshold. By contrast, in Ref. [9] no frequency
threshold was reported and strongly developed ZRS were
observed, which favors the explanation in terms of the
mechanisms we consider here. It would be of interest
to perform experiments on the FMIRO in the regime of
well-separated LLs, where gaps in the single-photon ab-
sorption spectrum were observed [20]. In particular, to
distinguish between the different mechanisms, we suggest
to measure and compare the power and temperature de-
pendencies of the photoresponse at Γ≪ ωc and Γ ∼ ωc.
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